Studienzentrum Gerzensee Doctoral Program in
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Midterm Econometrics Exam

Bo Honore and Mark Watson

July 28-29, 2000

Instructions:

Write your Identification Number in the space provided below. (Don’t give us your name,
just your ID number.)

ID Number: SKETC"f o F /?’(/5 Weds

Therc are 120 points on this 120 minute exam. The number of possible points for each
problem is shown in parentheses. If you need additional space use the back of the exam
sheet. Feel free to use your notes and any textbooks that you may find useful.



1. (10 Points) Suppose that the 3 x 1 vector X is distributed N(0,13), and let V' be a
2 x 3 matrix that satisfies VV' =1, LetY =V X.

(a) Show that Y'Y ~ 2
() VY~ (e W] = Y~w{o, L]

)Y~ Y s I e ;

z

(b) Find Prob(Y'Y > 6)
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2. (20) Counsider the linear regression model

Y =T, + ¢

For simplicity assume that {z;} is a sequence of constants (i.e., not random) and
assume that {g;} are L.i.d. with mean 0 and variance o?. Consider the two estimators

—1 n

Bl = (Z T?) inyi
i=1 i=1

and
-1 T

Bz = (Z 331') Zyi
i=1 i=1
(where we have assumed that 7 2?7 # 0 and 7 | z; # 0).

(a) (8 points) Find the means and variances of 3, and 5.
—1 n

T n -1 Tt
B, - (Z :cf) S s (2B + &) — B+ (Z ﬁ) S e,
=1 =1 i=1 i=1

and _
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By = (Z lq) (z:8+e) =0+ (iiﬂz) e
i=1 i=1 =1

therefore .

i=1

Also note that /3, is the OLS estimator.



(b) (5 points) Consider a third estimator 3,. — a- 3, -+ (1 — a)- B,. Among the values
of a (if any) that result in ,83 being unbiased, what value of a will result in an
estimator with the lowest variance?

a =1 by the Gauss Markow Theorem

(c) (7 points) Now imagine that z; is i...d and independent of the sequence of ¢'s.
Find the mean and the variance of 3,7 (Assume that B, is well-defined with
probability 1).

For j = 1,2 we have

and
Vv {BJ} = k [V [,[A:?jlccl,mg, ...,:Cn” +V [E [Bj'l’],iﬂg, ...,:1:,5”
= E[V[Bj|$15$2s ,ﬂ?nH + V4]
= F [V [Bj’.l"l,.’ﬂg, ,.Ln]]
50




3. (20) Supposc that Y; follows a M A(2) model:
Yi=¢e — 261+ d& o

where £, ~ #1@dN{0,1). You need to make a forecast of Y7.;, but the only piece of
information that you have is Yy = 2.0.

(a) (10) What is your forecast value of Y7
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() (5) What is the variance of the forecast error associated with this forccast?
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(¢) (5) Suppose that you used data {Y;}{ ; to construct your forecast of Y., and
suppose that 1" was large. What would be the variance of the forecast error?
(Does your answer depend on the invertibility of the M A process?)
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Yi = By + @158 + Ty + 305 + &

and

4. (20) An economist runs two regressions

Yi = By + z1:0, + v

The results are summarized in the following table:

Equation 1.

Variable Coeflicient | Std. Error
Jo 1.20 0.18
4, 0.61 0.09
B, -0.08 0.18
3 0.42 0.17
R-squared 0.204
Sum squared resid 106.93
Number of observations 200
Equation 2.
Variable Coeflicient | Std. Frror
e 1.43 0.11
3 0.61 0.09
R-squared 0.178
Sum squared resid 110.41
Number of observations 200

Answer the following questions under the assumption that the usual regularity condi-
tions for OLS are satisfied.

(a) (3 points) Consider Equation 1. Construct a 95% confidence interval for /3,

0.61 4 1.96 - 0.09 = (0.43,0.79)



1. (b) (3 points) Test whether 3,in Equation 1equals 0 (against the alternative that it
differs from 0). Test at a 5% level of significance.

_ -0.08—0

015 ~ —0.44 do not reject

1. (c) (3 points) Test whether 3;in Equation 1equals 0 (test at a 5% level of signifi-
cance)..

0420

~2 247  reject
0.17



(d) (6 points) Test the hypothesis that both 3, and 3, in Equation 1 equal 0 (against
the alternative that it differs from 0). Test at a 5% level of significance

(110.41 — 106.93) /2 .
F= = 3.1804 t
106.93/196 T

1. (e) (5 points} Consider Equation 1. Test the hypothesis that V [g;] > 1 (test at a 5%
level of significance).

Recall that -
2 TX (n—k)

s k
n—k
where 02 =V [g]. Soif 0? = 1
SZNXZ(”_"%)
n—k

and we would reject o? if (n — k) s? is small compared to a x? (n — k) random variable. Here
n — k = 196, and since many books do not have a table for a x? (196) it is useful to use the
following asymptotically valid approximation. A x? (n — k) random variable can be written
as

n—k
5 7
i=1

where Z; is a sequence of i.i.d. N (0,1) random variables. From the central limit theorem,

we have
1 n—k

n_kz (22-1)/2 = N (0,1)

i=1

and hence |

vn —k

Since (n — k) 5% is 106.93 (Sum squared resid), the realized value of the left hand side variable
1s -4.3 and we clearly reject.

((n—k)s* = (n—k)) /2 "> N (0,1)



5. (30) Consider two random variables X and Y. The distribution of X is given by the
uniform distribution X ~ U[0.5,1.0] and the distribution of ¥ conditional on X is
given by the normal Y| X ~ N(0, AX?).

(a) (5) Provide an expression for the joint density of X and Y, say fxviz,y).

Fuy (%g) = ﬁm(y/x) - (x)

N

X L -
o () 1 e
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(b) (5) Prove that Z = £ is distributed as Z ~ N (0, )\4
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(¢) (5) Youhave asample { X;, ¥;},. Derive the log likelihood function L(A| { X;, Yi}Y,).
Fyom (d) LO(? /\r}(('/:/)ooJ

;L Yot
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(d) (8) Construct the MLE of A.
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(e) (7) Suppose that N = 10 and 3
interval for A.
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2. (20 points) Suppose that you have independent and identically distributed observations
of (y, =, z,) from
o= a8+ (1 + z)ey, t=1,2,...,7T

where ¢; has mean mean 0 and variance 2 and is independent of (x},2). Let 3 be the
OLS estimator in a regression of y; on x;, and assume that all relevant moments exist,.

(a) (5 points) Is 3 consistent? Why?
Yes. Heteroskedasticity does not ruin the consistency of OLS

(b) (10 points) Find the asymptotic distribution of 3.
We know from class that

Via-0) = [[Seal] | S an-a)
s Elral] ' x N (O, E [Ii (y — m;ﬁ)grj])

Here
E [z (y — 2.8)” ¥ = Elwi(l-z) elaj]
= E[B[a,(1-z) %] 2, 2|
= o’E|1- z)? i
50
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(c) (5 points) How would you estimate o2 consistently? (Provide an outline of a prrof
of consistency of your proposed estimator)

If 3 were known, then one could construct

Vo), Bl 0] B0+
s T (14 2)? El0+z"  E[1+z)]

=0

(provided that z; is not equal to -1 with probability 1). Of course, we do not know
3, so we would construct
5 2
23 (3 — «lB)
Ly (1+2)°

L) =1

The remaining step in a consistency proof is then to show that under suitable
regularity conditions,

~N 2
1 i 2 o 1 T 9 — O
w2z (14 2) 2 i (14 2)

n

Let v, = 4, — «3. The left hand side then is

1 2
- :L:l 1+Zrt)

Tt

Since 3 — 3 25 0 and all the averages converge to their expectations, the result,

follows.
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