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Problem 1. {15 points)

There are many different reasons why one might think that the returns
to education (in terms of wages) depends on the skill level of the individ-
ual. In a recent paper, & labor economist operationalized this by considering
the following model for the reletionship between wages (denocted by y) and
education {denoted by z), '

¥ = B+ zfd; + &
where the coefficient that measures returns to education is modeled a5
Br=yp+aivy %
Here 1 denotes individual,
Ele]zd =0

and
Elvlz]=0

It is clgar that this implies that
E [y @) = By + a0 + 75

Let g = E[z] and assume that F {(a:‘ —- ,u.)a] = (.

Suppose that the model above Is correct, but that one mistakenly mea-
sures the returns $o education by the slope coefficlent in the least squares
regression of 3 on a constant and ;. Show that under random sampling,
this will yield an estimate of vy +2vs4. (In other words, the slope coefficient
in the least squares regression of 7; on & constant and z; will estimate the
average derivative of the conditional mean of y with respect to z.}

(Hint: first show thet £ [(z; — 4)°] = Oimplies that B {of — p2f) = 2V [])
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{more space for Problem 1 on this page)

First note that
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so B [(ﬂ: - ;.L)g} = {) implies
E[o® - pz?| = 24V (2)

Second, recall that the slope coefficient in the propesed regression converges to
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Prohlem 2. {18 points)
The following two models are estimated by OLS

% = B+ zufly + 2afy + & (1)

9; = @+ (Tyi + Tog) &1 T & {2-2)

The results are summarized

Eqguation 1.
Varinble Coeffcient | Std. Error
Fi 1.51 0.19
B -0.32 0.68
Ba 2.06 0.64
R-squared 0.34 |
Sum squared resid 95.81
TNumber of observations 100

BEquation 1.
Variable Cocfficient | Std. Error
g 1.49 0.20
o 0.89 0.13
R-squared 0.32
Sum squared resid 57.84
Nurmber of ohsarvations 100

Answer the following questions under the assumption that the wsual reg-
ularity conditions for OLS ave satisfies.

(a) (3 points) Consider Equation 1. Construct a 95% confidence interval for

)

Clis
2.06 + 1.96 - 0.64 = (0.81,3.31)
if the (asymptotic) normal distribution is used.

It is
2.06 + 1.98 - 0.54 = (0.79,3.33)

if ong uses the 1—distxibution



(b) (8 points) Test whether 8, in Equation 1 equals 0 (agninst the alternative
that it differs from 0). Test at a 5% level of significance.

(not significant)

{c) (6 points) Test whether §, = fyin Equation 1 (test at a 5% level of
significance).

Note that equation 2-2 is the restricted regression. The test-statistic is

(57.84 — 55.81) /1

. — 3.5282
55.817 (100 — 3) 028

o=

(not significant — the critical value is around 3.84)
You could alse use the reported R* That would in principle give the same resulf. But

since the mumbers are rounded, the actual result would differ.



(d) (8 points) Do you have enough information to construct a 85% confidence
interval for B, — 5,7 If not, explain why. Otherwise, construct the
confidence interval.

The F-stat above is the square of the T-stat for testing B ~ B2 = 0. The can also be
written as o
L Aoh
Since f, — B, = 2.38, this implies that
2.38

s5e (Bl - BQ) = m = 1.27

So the 95% (I is
23884+ 196-1.27



Problem 3. (15 points)
Let y be a random variable and let = be a random vector of dimension

K. Let B be a K dimensional vector of constants, and define ¢ =y — z'f.
Assume that Fz:e;] and E [z are finite.

Suppose that there are n draws from the distribution of {y,z) denoted by
{3, T3), 4 = 1, ..m, and that the stochastic process {42, z:) is jointly stationary
and ergodic.

If B is any consistent estimator for 3, is it true that Ly, (y; - m:B)z R
E[e3]? (Prove or give 2 counter example).

(HINT: Only 2 points will be subtracted if you answer the question under
the stronger assumption that {y, z;) i5 1i.d. rather than “jointly stationary
and ergodic”
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If B [z7]] is finite, then the ansswer is “yes” as the essumptions allow one to apply law
of large mumbers to all the averages. (This answer alone will give full credit)

If E [z;zh]is not finite, then the answer is “no™ as %_}‘_j?mi z;z} will then diverge, and a /3
for which (ﬁ - ﬁ) converges to 0 slowly enough will cause the last terms to not converge to

0.



Problem 4. (12 points)
Clonsider the regression

Y = By + Yiealls + & {41)

where

Ep = Qi) T U
where the 1,’s are a sequence of independent and identieally distributed ran-
dom variebles with B [} =0 and V [w}= 1. Assume that -l <o <L

(a) (6 points) Suppose you regress y: on Yei and a constent. Discuss the
properties of the OLS estimator in this case. Be as explicit as you can.

It is inconsistent as y,_; is correlated with e,



(b) (6 points) Discuss how your answer 10 (a) would change if (1) was re-
placed by
Yo = By + Ye-2fp + €

and you regressed g, on .2 and a constant.

so this regression will yield o consistent estimator. But it

4,2 is uncorrelated with &y,
ults will not imply that it will be unbiased.

will not be efficient and standard res



(25) 5. A researcher has 10 1.1.d. draws from a N(0,c7) distribution, (X3,X5, ..., X0). He is
interested in the competing hypotheses:

Hp: =1 vs. Hy " =4

10
ZX 7. The procedure is

i=l

1
10
to reject Hy in favor of Hy if &% >1.83 ; otherwise Hy will not be rejected.

He plans to test these hypotheses using the test statistic & =

(7.5) (a) Determine the size of this test. (If you can’t do the calculation exactly, tell me
exactly how you would determine the size.)
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(7.5) (b) Determine the power of this test. (If you can’t do the calculation exactly, tell
me exactly how you would determine the power.)
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(10) (c) Is the researcher using the most powerful test? If so, prove it. If not, construct a

more powerful test.

Wit

L(U'L/)() = coystAnt — T Aa Tt - E’: TrL'-zXf'L

L(V-?X) = X —¢da 1~ 7%
£ Zxcl'
iy -{ s T
L (Elxl > 4

L& TesT: f(Jr:cT Lhen

This Mee~

L L .
- ‘,’:'{7 X L TR+ CowsTanT is ZAarse

‘18 z Xl't !'5 Larse,

The, L2 C.if[f'f'q,/ /{e;:‘ﬂw Ay

L(glx]- L(1Ix) -

Zar;e

Z)(‘»" > C2iTece, VAL g

This s 4, Sowac test thef (s wsed by The fescard 4er,

12



(13) 6. Suppose that &; is i.i.d. with mean y, variance o and finite fourth moment. A
random sample of 100 observations are collected, and you are given the following

summary statistics:

¥ =123 ands’=433

N ——
(where s”=(N ~1)" > (X, - X)? is the sample variance.)

i=]

(8) (a) Construct an approximate 95% confidence interval for 1. Why is this an
“approximate” confidence interval?
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(5) (b) Let a=¢F . Construct an approximate 95% confidence interval for a.
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(12) 7. (6) (a) Suppose that (1-0.8LY = &, where & 1s white noise with unit variance.
Derive the Wold representation for y.

y{: 9(!".?1-)-' £¢
= {t t.§ Egy 1 Y ey "‘»5"’{{-5-{-.. ,

(6) (b) Suppose that y, = (1-3L) &, where & is white noise with unit variance. Derive the
Wold representation for y.
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(10) 8. Suppose that X} follows the MA(2) process
Xi=p +&+ &y

where u is a constant and g isi.i.d. with E(g)=0, E(gzr)zo% Let ¥ = __I_ZN ¥
N j=i

Show that X —> .

= {4 + '.!7; Z(EHB&'-.)
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